The quantum Cramér-Rao bound (QCRB) provides an ultimate precision limit allowed by quantum mechanics in parameter estimation. Given any quantum state dependent on a single parameter, there is always a positive-operator valued measurement (POVM) saturating the QCRB. However, the QCRB-saturating POVM cannot always be implemented efficiently, especially in multipartite systems. In this paper, we show that the POVM based on local operations and classical communication (LOCC) is QCRB-saturating for arbitrary pure states or rank-two mixed states with varying probability distributions over fixed eigenbasis. We also analyze the robustness of our LOCC protocol against noise and show how it can be made noise-resilient. Specially, for bipartite pure states we show that local measurements are QCRB-saturating with no need of classical communication (CC), while for generic multipartite pure states, CC is necessary.
I. INTRODUCTION
Quantum metrology [1] [2] [3] [4] [5] [6] is the study of designing high-precision quantum sensors to estimate physical parameters in quantum systems. It focuses on the ultimate precision achievable in parameter estimation, allowed by the theory of quantum mechanics. It has wide applications ranging from frequency spectroscopy and clocks [7] [8] [9] [10] [11] [12] [13] [14] to gravitational-wave detectors and interferometry [15] [16] [17] [18] . Lying in the center of quantum metrology is the quantum Cramér-Rao bound (QCRB) [19] [20] [21] [22] , which provides a lower bound of parameter estimation error:
where θ is the parameter to be estimated, e.g. magnetic field frequency, δθ is the standard deviation of the θ-estimator, ρ θ is the density matrix describing the quantum sensor as a function of θ, and N is the number of repeated experiments. J(ρ θ ) is the so-called quantum Fisher information (QFI) [19] [20] [21] [22] quantifying the sensitivity of a quantum sensor. QFI can be viewed as the maximum Fisher information (FI) among all possible POVMs, where FI is the classical version of QFI as a measure of sensitivity [23] [24] [25] . It is a function of the probability distribution of measurement results. In a quantum system, the probability distribution is provided by P x (θ) = Tr(ρ θ E x ) with measurement operators {E x }. To saturate the QCRB, one first performs the optimal POVM maximizing the FI [22] , and then chooses suitable classical estimators, e.g. the maximum likelihood estimator which asymptotically (N 1) saturates the QCRB [24] [25] [26] [27] [28] . We here assume application of the maximum likelihood estimator and only focus on identifying the optimal POVM in the first step. If the problem was approached using a Bayesian approach, under quite general conditions, the QFI remains a reliable figure of merit [25, [29] [30] [31] .
It is known that rank-one projection onto the eigenstates of the symmetric logarithmic derivative operator (SLD) saturates the QCRB [22] . However, in general, the eigenstates of SLD could be highly-entangled states over subsystems, and the optimal projective measurement requires global measurements (GM) (Fig. 1a) that might be challenging to implement experimentally [32] . Note that to achieve the ultimate precision in quantum metrology, global operations are usually also required in state preparation. However, its difficulty could in principle be overcome by discarding the failed preparations until success. Therefore, we only focus on simplifications of quantum measurements on the final states. Local measurements (LM) (Fig. 1b) , performed separately on each subsystem, were shown to saturate the arXiv:1809.06017v2 [quant-ph] 4 Jun 2019 QCRB in many cases [1, [33] [34] [35] . For example, it is proven in Ref. [1] that for GHZ-type states evolving under local Hamiltonians with identical terms, LM can saturate the QCRB. However, by counting the number of degrees of freedom in LM and the QCRB-saturating condition, one can show that LM, in general, is not sufficient to saturate the QCRB in multipartite systems (see Appx. G for proof). Compared to LM, local operations and classical communication (LOCC) (Fig. 1c) is a larger class of measurements which allows classical communication of measurement results so that the measurement basis performed on one subsystem could be determined by the measurement results from others [36] [37] [38] [39] [40] , which has been demonstrated in many experimental platforms compatible with local measurement and adaptive control [41] [42] [43] [44] . It is a restricted class of quantum operations [45] [46] [47] that cannot generate entanglement between subsystems. For example, it cannot fully distinguish the four Bell states [48] . Nevertheless, LOCC can distinguish any two orthogonal quantum states [49] and, in particular, tell the quantum state itself from the state it evolves into, making it a potential candidate to saturate the QCRB. The power of LOCC protocols in achieving optimal performance has also been demonstrated in other contexts [50] [51] [52] [53] .
In this paper, we prove that LOCC is QCRBsaturating for a broad range of situations where we estimate θ using (i) arbitrary pure states ρ θ = |ψ θ ψ θ |, and (ii) rank-two mixed states ρ θ = p θ |ψ 0 ψ 0 | + (1 − p θ ) |ψ 1 ψ 1 |, where |ψ 0,1 are fixed basis independent of θ. In the following, we first review the necessary and sufficient condition for QCRB-saturating measurements. Then we prove the existence of QCRB-saturating LOCC for situations (i) and (ii). We also show that it is noiseresilient under reasonable assumptions. Finally, we show that LM is always QCRB-saturating for bipartite pure states, while not QCRB-saturating for generic n-partite pure states when n is sufficiently large.
II. QCRB-SATURATING POVM
To quantify the distinguishability of two neighboring probability distributions, the FI is defined by
where x is the label of measurement results, P x (θ) is the probability of obtaining x when the parameter is equal to θ, satisfying P x (θ) ≥ 0 and x P x (θ) = 1. For a quantum state ρ θ , P x (θ) = Tr(ρ θ E x ) for a POVM described by a set of non-negative operators {E x } satisfying x E x = I, and the FI
Here, L θ is the SLD, a Hermitian matrix defined by
The FI is equal to the QFI J(ρ θ ) if and only if,
for some real λ x [22] . Further simplification of Eq. (4) leads to (see Appx. A)
where
} is a basis of the support of E x (the orthogonal complement of the kernel of E x ), and
using the diagonalization of the density matrix
Therefore, we call any POVM {E x } which satisfies the necessary and sufficient condition Eq. (5) QCRBsaturating. For example, rank-one projection onto the eigenstates of L θ is QCRB-saturating. Note that we allow {E x } dependent on the value of θ because we only consider high-precision sensing and the adaptive measurement would not affect asymptotical scaling of the QCRB [26, 54] .
As an example, we consider sensing with n-partite GHZ states
which can be viewed as the evolution of
σ z,i after unit time, where σ z,i is the Pauli-Z matrix acting on the i-th qubit. The corresponding SLD is
whose eigenstates
⊗n are maximally entangled. Saturating the QCRB using projective measurements onto these states requires coupling gates between subsystems and might be challenging for practical experimental implementations. Alternatively, it is well known that projection onto |± = 1 √ 2 (|0 ± |1 ) of individual qubits is also QCRB-saturating [1] . However, the systematic approach to identify such type of experimental-friendly QCRB-saturating POVM have never been discussed before.
III. LOCC PROTOCOL
For arbitrary quantum states, LOCC is not suffcient to saturate the QCRB. Consider the following two-qubit quantum state
|, with the structure in Eq. (16) can be summarized as follows:
(1) Calculate M s1 = Tr s2···sn (M ) by tracing out subsystems {s 2 , . . . , s n } in matrix M ;
In steps (2) and (4), we use the following lemma: Lemma 1. Any finite-dimensional complex traceless matrix M can be zero-diagonalized by an orthonormal basis {|u i }, where "zero-diagonalization" means
A constructive proof can be found in Appx. B. Our construction is mathematically reminiscent of the one provided in Ref. [49] where LOCC is used to distinguish two multipartite orthogonal quantum states, but our construction does not require extending the dimension of each subsystem to be a power of two. In fact, parameter estimation is closely related to state discrimination. Projective measurements {|E x E x |} distinguishs two orthogonal quantum states |ψ 0,1 as long as E x |ψ 0 ψ 1 |E x = 0 Appx. D. It is then clear that a measurement distinguishing an orthonormal basis {|ψ k } is also QCRB-saturating when estimating θ in the probability coefficients for any mixed quantum states
In Appx. F, we provide an example of a four-qubit system with a nearest neighbour interaction Hamiltonian, where the parameter to estimated is the strength of the Hamiltonian. We use the algorithm described above to calculate the LOCC measurement basis and plot them in the Bloch spheres.
IV. NOISE RESILIENCE OF LOCC
QCRB plays an important role when we are dealing with high-precision parameter estimation, that is, when the parameter to be estimated is roughly predetermined. This type of high-precision sensing could be extremely susceptible to noise. For example, consider a pure state
. One way to estimate θ is to
However, consider the following quantum state
is still around 1 for small noise, the FI with respect to projective measurement onto |± is
which vanishes around θ = 0. That means when θ is small, the estimation error will significantly increase if we still use |± as our measurement basis. To maintain a high FI, one can, for example, project
, which is an adaptive measurement scheme dependent on the value of θ. One can verify that in this way, F ({P ± (θ)}) = 1 − O( ). We call this type of measurement noise-resilient (to the first order of ). It is worth mentioning that when sensing the phase in a GHZ state (Eq. (7)), projection onto |± on each qubit is not noise-resilient against dephasing noise. It is therefore important to find out whether the LOCC constructed by the procedure above could also be highly susceptible to noise. Now we analyze our LOCC protocol under influence of noise. Consider a noisy quantum state ρ θ = (1 − )ρ θ + σ θ , where 1 and σ θ is determined by the noisy channel. For case (i) where ρ θ is pure, we show in Appx. E that to obtain a noise-resilient LOCC protocol, we simply need to add one more constraint
which can be simultaneously satisfied with Eq. (14). Then we have
(20) where P x (θ) = Tr(ρ θ E x ) and E x is the LOCC by our construction. Hence, our LOCC protocol is noise-resilient (with bounded J(σ θ )) within realistic experimental setups. Note that to implement constraint Eq. (19) , one needs to correctly model the dominant noise source of the sensor beforehand to obtain σ θ .
For case (ii) where
which applies to any QCRB-saturating projective measurement, not restricted to our LOCC protocol. The measurement is noise-resilient (with bounded J(σ θ )) when p θ is not too small or too large. It means the state should not be too close to either |ψ 0 or |ψ 1 such that the other component becomes indistinguishable from noise.
V. LOCAL MEASUREMENTS
LM in a n-partite system {s 1 , . . . , s n } (Fig. 1b) has the following structure
where x k is the k-th measurement result and {E
} is a POVM in subsystem s k . One may wonder whether LM would be sufficient to saturate the QCRB, as for GHZ states. It is not possible in general for sufficiently large n, because the number of the degrees of freedom in LM grows linearly as the number of qubits increases but that in the quantum states grows exponentially (see the detailed proof in Appx. G).
For bipartite pure states, however, the argument above does not hold. Here we demonstrate that LM is always QCRB-saturating for bipartite pure states with a constructive proof. Consider |ψ θ in a bipartite system. Let (14) is equivalent to
using Lemma 1. Then we find U such that
which is possible using the fact that matrices
are rank-two for all i. A detailed proof could be found in Appx. H. The fact that LM is QCRB-saturating for arbitrary pure states makes parameter estimation distinct from state discrimination, because LM cannot distinguish two arbitrary orthogonal quantum states unambiguously, for example when
Finally, we list several situations where when centain types of symmetry in the quantum system allows for the existence of QCRB-saturating LM, even when n is large (see Appx. I for extensions and detailed proofs):
is a product state.
(2) |ψ θ = e −ihθ |ψ in is a uniform superposition of two separable eigenstates of the Hamiltonian H = θh. 
where {·, ·} is the anti-commutator. 
or the other way around.
VI. CONCLUSION AND OUTLOOK
We have investigated the QCRB-saturating measurement to maximize the sensitivity of quantum sensors. For arbitrary pure states or rank-two mixed states with fixed eigenbasis, we have developed the QCRBsaturating LOCC protocol, which is noise-resilient and feasible with many physical platforms by local measurement and adaptive control [41] [42] [43] [44] . Our LOCC protocol may have applications in extensive parameter estimation and calibration scenarios, including criticality-based quantum metrology [35, 58] , quantum thermometry [55] [56] [57] and various other cases in many body physics [59] [60] [61] .
Our LOCC sensing protocol crucially relies on the fact that two orthogonal states can be distinguished using LOCC, so that it can be QCRB-saturating for pure states or rank-two mixed states with fixed eigenbasis. In practice, the quantum states could suffer various decoherences and our protocol might not be able to saturate the QCRB for general mixed states or for multi-parameter sensing [62] [63] [64] [65] [66] [67] [68] [69] . To tackle the decoherence, we may apply dynamical decoupling to suppress time-correlated noises [70] [71] [72] , or introduce quantum error correction to restore unitary evolution in logical subspace even in the presence of Markovian noises [73] [74] [75] [76] [77] [78] . Therefore, it will be intriguing to further investigate LOCC sensing protocol combined with quantum error correction.
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Appendix A: The necessary and sufficient condition for QCRB-saturating POVM The classical Fisher information F (ρ θ ) satisfies
where the first equality holds true when
and the second equality holds true when
based on the use of the Cauchy-Schwarz inequality. For pure states,
and in general when
Combining Eq. (A2) and Eq. (A3), we get
Note that when λ x = 0, i.e. E
1/2
x ρ 1/2 θ = 0, we must make sure Eq. (A2) holds true to up to the first order of dθ in the neighbourhood of θ, i.e.
for all x, which is always true. Therefore Eq. (A8) is a necessary and sufficient condition for a POVM {E x } to be QCRB-saturating. To eliminate λ x in Eq. (A8), one may first rewrite it via vectorization:
where |A = ij i|A|j |i |j . Note that |v = λ|w , λ ∈ R. ⇐⇒ |v w| − |w v| = 0.
It means that Eq. (A10) is equivalent to
where {E (k)
x } a basis of the support of E x . In particular, for projective measurements {E x = |E x E x |}, Eq. (A8) becomes
When ρ θ = |ψ θ ψ θ | is pure and p 0 = 1, the necessary and sufficient conditon becomes
is independent of θ, the necessary and sufficient condition becomes
because M 00 = M 11 = 0 and
Appendix B: QCRB-saturating LOCC
We first prove a lemma which will become quite useful in constructing QCRB-saturating LOCC:
Lemma 1. Any finite-dimensional complex traceless matrix M can be zero-diagonalized by an orthonormal basis {|u i }, where "zero-diagonalization" means u i | M |u i = 0 for all i.
Proof. We only need to prove any two traceless Hermitian matrices M 1 and M 2 can be simultaneously zerodiagonalized. We first consider the case where d = 2, i.e. M 1 and M 2 are 2-by-2 traceless Hermitian matrices. Let
k = 1, 2, and
Then U † M k U has zero diagonal elements is equivalent to
It can be solved by first finding α satisfying b 1 a 2 cos(α − φ 1 ) = b 2 a 1 cos(α − φ 2 ) and then solving β using the equation above. For higher dimension, Lemma 1 can be proven by induction. Suppose Lemma 1 holds for d ≤d. Then when d =d + 1, we only need to find some |v such that v|M 1 |v = v|M 2 |v = 0. The rest follows by the induction assumption by simultaneouly diagonalizing M 1 and M 2 in thed dimensional orthogonal subspace perpendicular to |v . Now we prove the existence of |v . Without loss of generality, we assume M 1 = 0 is diagonal,
where we divide the Hilbert space into the direct sum of two subspaces and put M 1 in a block-diagonal form such that Λ 1 0 and Λ 2 ≺ 0. Meanwhile,
We can always rescale M 2 such that one of the following situations occurs:
(a) Tr(Λ 1 ) = Tr(Σ 1 ) > 0 and Tr(Λ 2 ) = Tr(Σ 2 ) < 0. Then by the induction assumption, there are |v 1 and |v 2 , s.t.
Let |v = cos β |v 1 ⊕ 0 + sin βe −iα |0 ⊕ v 2 , we have
Clearly, there is a solution (α, β), s.t. v|M 1 |v = v|M 2 |v = 0.
(b) Tr(Σ 1 ) = Tr(Σ 2 ) = 0. Then by the induction assumption, there are |v 1 and |v 2 , s.t.
Clearly, there is a solution (α, β), s.t.
Lemma 1 is then proved.
To find a QCRB-saturating LOCC, we only need to find an orthonormal basis which has the structure E x1,...,xn = E 
Then one can easily verify
is QCRB-saturating, where
Note that the proof of Lemma 1 is constructive. It means the QCRB-saturating LOCC can be calculated directly from matrix M .
where {|β i } i=1,2,3,4 are the Bell states (we don't care about the order of the labels). The SLD operator is
whose coefficients of |β i β i | are all different. Therefore {M ij } in Eq. (A13) contains terms proportional to |β i β j | for all i = j. If there is an LOCC such that Eq. (A13) is satisfied, then
which means that for all x there is at most one j such that β j | E x |β j is non-zero, contradicting the fact that the four Bell states cannot be distinguished from each other using LOCC. Therefore, LOCC cannot saturate the QCRB for ρ θ .
Appendix D: Distinguishing two orthogonal quantum states
In Ref. [49] , the distinguishability of two multipartite orthogonal states {|ψ 0,1 } via LOCC is shown by writing them as
..,xn are probability amplitudes and x k |x k x1,...,x k−1 = δ x k ,x k . As we can see, it is equivalent to the QCRB-saturating condition for rank-two mixed states with fixed eigenbasis |ψ 0,1 ,
The LOCC measurement basis |E x corresponds to |x 1 |x 2 x1 · · · |x n x1,...,xn−1 . For pure states, the QCRB-saturating condition is
which is easier to satisfy than the distinguishability condition of |ψ θ and |ψ
In Appx. E, we will show the remaining degree of freedom can be used to make the LOCC protocol noise resilient.
Appendix E: Noise resilience
First, consider the following noisy quantum state ρ θ = (1 − ) |ψ θ ψ θ | + σ θ where 1 and σ θ is a density matrix. When = 0, we proved in Appx. A that a projective measurement {|E x E x |} is QCRB-saturating if and only if
where 
where σ x,i is the Pauli-X matrix acting on the i-th qubit and a Dicke state input |ψ in = 1 2 (|1000 + |0100 + |0010 + |0001 ).
The parameter we want to estimate is the Hamiltonian strength θ which is encoded in |ψ θ through |ψ θ = e −iH |ψ in after unit time evolution. Numerical search suggests that there is no QCRB-saturating LM and LOCC is necessary. As shown in Fig. 2 , we demonstrate our LOCC protocol by directly calculating a set of QCRB-saturating LOCCs for θ ∈ [0, π 4 ]. The tree structure illustrates the choice of measurement basis for qubit s k dependent on the results from {s 1 , . . . , s k−1 } via classical communitation.
The LOCC protocol illustrated in Fig. 2 is not unique and there could be other LOCCs that are also QCRBsaturating due to remaining degrees of freedom. In addition, we have generated the measurement basis assuming depolarizing noise ρ θ = (1 − ) |ψ θ ψ θ | + 16 I, meaning the measurement would be noise-resilient if the quantum state is influenced by depolarizing noise. I) are always proportional to σz.
Appendix G: LM is not sufficient to saturate the QCRB for multipartite systems
Here we want to show LM is not sufficient to saturate the QCRB for sufficiently large n in general sensing scenarios, where n is the number of subsystems. Consider Hilbert space H ⊗n where dim H = d. Suppose there is a projective LM {|E 
Here we only need to consider projective measurement according to the following lemma:
